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Finite-sum Convex Problem Theorem 1. Assume problem (1) satisfies the HEB condition with 6 € (0,1/2]. g () o l 2 ~ |
o | Letn _ 1/(36L), and T, > Q1 L2 (1/60)1_29 (T1 depends on C). By running 1: Input. x\Y) e (), an initial value co >0, €>0, p = 10g (1/6) and 9 e (O, 1).
The optimization problem of interest: SVRGHEB with R = [log, <], we have E[F(z()) - F.] < e. The iteration complexity 2. 20 = arg mingeo(V £ (i), r - 7) + L]z - 203 + U(x), s =0
mHlF(ZC) s l zn: fz(m) n \IJ(ZE), (1) OfSVRGHEB In eXpeCtatiOn iS O(n lOg(Eo/é) + L02 max{el—}w, 10g(60/€)}). 3: While Hi’(s) — f(s)“% > ¢ do
- " hen 6 = 1/2 (i.e, the QEB condition holds), Algorithm 1 reduces to the standard SVRG . Set T, =[81LcZ] and T, = log, (j)
N . e - when 0§ = i.e, the condition holds), Algorithm 1 reduces to the standar C(el) HEB/ —( <
where f;(2) is convex and \If(x) 15 pI‘Op@I:, lower semlcon.tmuous and convey.c. method under strong convexity, and the iteration complexity becomes O((n + Lc?) log(ey/e)), > ‘/f ( +1)_SVRQ (1), TS’ ?5’ 0'5)~ | ’ V1
Let 2., F. denote the set of optimal solutions and the optimal value, respectively. which is the same as that of the standard SVRG with L2 mimicking the condition number of 6: 2D = argmingoV f(20)), 2 - 26+D)) + Z |2 — 2+D|5 + U ()
+ We make the following assumptions: thr? przbleonz: th only th t tion), Algorithm 1 reduces to SVRG++ with A i +H1—T 0 3 Dy > 97 - 53], th
. - . when 6 = 0 (i.e., with only the smoothness assumption), Algorithm 1 reduces to ++ Wi 8. if [z(s*D) — 2D |5 > ¢|z() — 2(3) |, then
. The?re exist zo € (L and €9 2 0 s.t. F'(z) - i < e; one difference, where in SVRGHEB the initial point and the reference point for each outer loop 0 Cony =2, T+ = 7). (1) = F(5)
b. {1, 1s a non-empty convex compact set; are the same but are different in SVRG++, and the iteration complexity of SVRGHEB becomes S+d y ” ’
c. f; 1s differential whose gradient is L;-Lipschitz continuous, 1.e. for all x, y € €2, O(nlog(ey/e) + =) that is similar to that of SVRG++. 1o endl
L; ) - for intermediate 0 € (0,1/2), a faster convergence than SVRG++ can be obtained. e s=8+ 1
fi(x) = fiy) <V fily), 2 - y) + |z -yl 12. end while
d. L £ max; L; 1S given or can be estimated for the problem. ) 13: Output: z(%)
> b Adaptive SVRG for 0 € (0,1/2)

+ f(z) =137, fi(x) is also continuously differential convex function whose gradient is
L r-Lipschitz continuous, where L ¢ = % > L.
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. o« o _ _1
. Input: () € ), a small value ¢, > 0, and 0 € (0,1/2). Theorem 3. Assume problem (1) satisfies the QEB condition. Let p = log™ (1/e),
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. Initialization: 7 - 8172 (1 /60)1_29 1 = 257, Ls [81.[,05], and R, [logQ( oL ﬂ The expected iteration complexity
s fors-12,.. .Sdo of SVRGEHE is
- Under the strong convexity of the objective tunction, stochastic variance reduced 4; x(s)=SV’Rél.—|oEjB (2(s=1) T1(S) R, 0) O (( Lc? +n) log, (CQ(L +Ly) log (1)) (10g1 192 (Hx(O) -2 ‘%) + log, (E))) ,
gradient (SVRG) method [1] and its proximal variant [2] achieve linear convergence. 5. 5+ _ o1-207(5) V2L € €
* SVRG++ [3] can cope with non-strongly convex problems, however, 1t only has 8- erid for 1
sublit.lear1 00111V§rge)nce (e.g., requiring a O(1/¢) iteration complexity to achieve an Applications and Experiments
e-optimal solution).
 Recent studies on optimization showed that leveraging the quadratic error bound Main Result 1

1. Piecewise convex quadratic (PCQ) problems
Theorem 2. Assume problelln (1) satisfies the HHEB with 0 € (0,1/2). Let ¢y < c, -Examples of loss function: square loss £(z,b) = (z - b)*; squared hinge loss
= [log, %], and T1( ) = S1Lc2(1/€0)' ™. Let run SVRGHEBRS yith S = ((2,b) = max(0, 1  b=)% Huber loss (-(z,b) = - L(z - D)’ 1 if |z — b| <7,
| v(|z = b] — 37) otherwise.
- Examples of regularization: ¢; norm, ¢, norm or ¢; ., norm regularization.
- It satisfys the QEB condition, i.e., # = 1/2.
2. A family of structured smooth composite functions: F'(z) = h(Ax) + V(x)
- U(x) is a polyhedral function or an indicator function of a polyhedral set.
- h(-) is a smooth and strongly convex function on any compact set.

Definition 1. A function F(x) is said to satisfy a Holderian error bound (HEB) condi- Adaptive SVRG for 0 = 1/2 -Examples of loss function: square loss £(z,b) = (z — b)*; logistic loss
0(z,b) =log(1+exp(-zb)).

- It satisfies the QEB condition, i.e., # = 1/2.

(QEB) condition can open a new door to the linear convergence without strong
convexity [4-9]
» The 1ssue 1s that these methods (for example, SVRG) require to know the parameter c

(analogous to the strong convexity parameter) in the QEB for setting the number of
iterations of inner loops, which 1s usually unknown and difficult to estimate.

(Cﬁo)w +1, then E[F(2(%)) - F.] < e. The iteration complexity of SVRGHEB-RS

O (nlog(eo/e) log(c/cy) + %) .

Holderian error bound

tion on a compact set € if there exist 0 € (0,1/2] and ¢ > 0 such that for any x € )

0 : : : :
T — Tyl <c(F(x)—F 2 . : . .
H ol <c(F(x) - FL), (2) The challenge 1s to decide when we should 1ncreasezthe value of c: In light of the 3. ¢, constrained ¢, norm regression: F'(z) = 1/n Y™ (z"a; - b;)P, where p € 2N*.
where x. denotes the closest optimal solution to x. value ot /; in Theorem 2 for 0 = 1/ 2,1.8., 17 = |81Lc"|, one might consider to start - It satisfies the HEB condition with intermediate values of 6 € (0,1/2), i.e., 6 = 1/p.
. . : with a small value for ¢ and then increase its value by a constant factor at certain
» A special case of HEB is quadratic error bound (QEB): L , sonared hinge + £ norm. Adult logistic + ¢ norm. Adult
o points 1n order to increase the value of 17. o L ATeC WNge T 11 Yomn, o —ere T T o A9
|z - 2|2 <c(F(x) - F(z.)) / , Ve, (3) iy =-SVRG IO | —SAGA
. . < . o9 . . = \ SVRGHEB(8000) = —==SVRG++
Do . . - The goal 1s to develop an appropriate “certificate” that can be easily verified and can = R =SV i) = ) SVRC-heuristics
One example satistying QEB 1s strongly convex function. . . . 2 s SVRGE 15000 2 ~-SVRGOEP 7 |.
The above T HER | b for 6 o act as signal to check whether the value of c is already large enough for a sufficient 5 N e . 5
e above inequality in can always hold for # = 0 on a compact set ). decrease in the objective value. g | : |
- If a HEB condition with # € (1/2, 1] holds, it can be reduced to the QEB condition £ £
. . o . . . . 2 2
provided that F'(z) — F, is bounded over €. The motivation of the Qeveloped certificate 1s the property of proximal gradient ) i T Spsspser ) o
update under the QEB, I.e., 0 100 Z%Qrad/?;)O 400 500 0 100 2(;)’;)grad/?;$0 400 500
~ 2 .21 7 ~ |2
.. F(I) - F, < (L + Lf) C ‘ZC — $H2, (a) Different estimations of ¢ (i.e., T}) (b) Linear classification (0 = 1/2)
SVRG under the HEB condition ] , ) Ll 19 o o N .
where 7 = arg mineo(Vf (), ~ ) + S 2[3 + U(x). e s 1 o, il g, g (1.2
4 —SAGA | o1t —SAGA
- The term ||z — 2|5 can be used as a gauge for monitoring the decrease in the objective = ~SVRGH g T SVRGH |
- HEB . . . o a does | 22
Algorithm 1 SVRG under HEB (SVRG™(x, 71, R, 0)) value by performing the proximal gradient update. Although the full gradient is £ 25| \\"’SVRGQ | e = '
© 3r O -2.4}
1: Input: z, € Q, number of inner initial iterations T}, number of outer loops R. computationally expensive, SVRG allows to compute it at a small number of ¢ s T g
2. 7(0) = g reference points. z . £l
o o
. — . . . -5 2.8
3 forr =1, 2’(’ ‘1’)’ R C(IT? (r-1) - Searching the value of c: The full gradients are leveraged to develop the certificate T S ) OO S
(.. = "= = AU . . . #grad/ #grad/
4 ]f]?“ V@), @ Od L for searching the value of c. The detailed steps are presented in Step 8 to Step 10 of o I
> th - 1 2,’ -+, 4 0O TR 9 Algorithm 3. If ¢, is larger than c, the condition in Step 8 is true with small (¢)Linear regression (6 = 1/2) (d) Linear regression (¢ = 1/4)
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